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Abstract
We give a method to decide whether or not the image of a given N-rational sequence can
be recognized in some base. In the positive case the bases can be computed effectively.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction and deﬁnitions
The idea of representing integers in some base is common to number theory and
automata theory. The speciﬁc problem of recognizing a given set of nonnegative integers
in some base was already studied in early papers dealing with ﬁnite automata (see [3]).
For example, Minsky and Papert [7] showed that primes cannot be recognized in any
base. In [10], Perrin stated the general problem of computing the (essentially unique)
base of a given set of integers if it exists. In this paper we will solve this problem for
the images of N-rational sequences.
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We start by recalling some basic deﬁnitions. Let (a(n))n0 be a sequence of non-
negative integers. Then (a(n))n0 is N-rational if there exist a positive integer s and
matrices  ∈ N1×s , M ∈ Ns×s ,  ∈ Ns×1 such that
a(n) = Mn
for all n0. If (a(n))n0 is an N-rational sequence there exist integers c1, . . . , cs such
that
a(n+ s) = c1a(n+ s − 1)+ · · · + csa(n)
for all n0. If we choose as small s as possible the polynomial
xs − c1xs−1 − · · · − cs
is called the minimal polynomial of (a(n))n0 and its roots are called the roots of
(a(n))n0. For the basic facts concerning N-rational sequences in particular and recur-
rence sequences in general we refer to [1,12,14].
Next, let k2 be an integer and let k = {0, 1, . . . , k − 1}. Deﬁne the mapping k
from k∗ to the set N of nonnegative integers by
k(a0a1 · · · am) =
m∑
i=0
aik
m−i (ai ∈ k).
The mapping k is extended in the natural way to concern languages L ⊆ k∗. Hence
k(L) = {k(x) | x ∈ L}.
Now, a set A of nonnegative integers is k-recognizable if there exists a regular language
L ⊆ k∗ such that
A = k(L).
A set A of nonnegative integers is k-recognizable for all k2 if and only if A is a
ﬁnite union of arithmetic progressions. If A is k-recognizable for some k2 and A is
not k-recognizable for all k2 then there exists a unique integer k12 such that A is
k-recognizable if and only if k is a power of k1. For these and other basic properties
of k-recognizable sets see [2,4,5,10].
Again, let (a(n))n0 be a sequence of nonnegative integers. Then the set {a(n) | n0}
is called the image of (a(n))n0. To study the images of N-rational sequences we need
a characterization of slender regular languages. By deﬁnition, a language L is slender
if there is an integer n0 such that for all n, the number of words of L of length
n is at most n0. If u, v,w are words, the loop language {uvnw | n0} is slender.
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Further, a regular language is slender if and only if it is a ﬁnite disjoint union of such
loop languages (see [9,13]). To explain the connection between slender languages and
N-rational sequences suppose (a(n))n0 is N-rational and
k(L) ⊆ {a(n) | n0},
where L is a regular language. Without loss of generality, assume that no word of L
starts with a 0. Now, if (a(n))n0 has exponential growth, the language L is necessarily
slender. This simple observation will turn out to be important.
2. The characterization of k-recognizable images
Let (a(n))n0 be an N-rational sequence. A root of (a(n))n0 is called dominant if
its absolute value exceeds the absolute value of any other root of (a(n))n0.
Lemma 1. Let (a(n))n0 be an N-rational sequence. Then we can effectively ﬁnd
integers m0 and p1 such that the following conditions hold:
(1) For each integer i, 0ip − 1, the sequence (a(m+ i + np))n0 has a dominant
root.
(2) For each integer i, 0ip − 1, if 1 and 2 are distinct nonzero roots of (a(m+
i + np))n0 then 1−12 is not a root of unity. Furthermore, no root 1 = 1 of
(a(m+ i + np))n0 is a root of unity.
Proof. Let 1, . . . ,s be the roots of (a(n))n0 so that we have
a(m+ n) =
s∑
k=1
Qk(n)
n
k
for all n0 where m is an effectively obtainable integer and Qk is a complex polynomial
for 1ks. Next, compute an integer p such that
(j
−1
k )
p = 1 (resp. pj = 1)
whenever j
−1
k (resp. j ) for 1j, ks is a root of unity. We will show that the
sequences (a(m+ i + np))n0 for 0ip − 1 have the required properties.
We ﬁrst prove (1). Fix an integer i, 0ip − 1 and consider the sequence (a(m+
i + np))n0. Its nonzero roots are among p1 , . . . ,ps . Suppose there are at least two
distinct roots, say p1 and 
p
2 having maximal absolute value. Then Berstel’s theorem
(see [1, p. 82; 12, p. 61]) implies that 1−12 is a root of unity. Hence p1 = p2
contradicting the assumption. Therefore (a(m + i + np))n0 does have a dominant
root.
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Next, we prove (2). The proof is almost the same. Indeed, if p1 and p2 , say, are
nonzero roots and p1 (
p
2 )
−1 is a root of unity, so is 1−12 implying 
p
1 = p2 . Similarly,
if p1 is a root of unity, so is 1 and, hence, 
p
1 = 1. 
Let (a(n))n0 be a sequence of nonnegative integers. Let m0 and p1 be integers.
Then we deﬁne the set LIN(m, p) by
LIN(m, p) = {i | 0ip − 1 and there exist integers ci, di such that
a(m+ i + np) = cin+ di for all but ﬁnitely many n0}.
Theorem 2. Let (a(n))n0 be an N-rational sequence and let m0 and p1 be inte-
gers such that the conditions of Lemma 1 are satisﬁed. If the set
{a(n) | n0}
is k-recognizable for an integer k2 then for any integer i, 0ip − 1 one of the
following three conditions holds:
(1) i ∈ LIN(m, p).
(2) i ∈ LIN(m, p) but there is an integer ni such that
{a(m+ i + np) | nni} ⊆ {a(m+ j + np) | j ∈ LIN(m, p), n0}.
(3) There exist rational numbers ci, di and ei such that
a(m+ i + np) = cikein + di
for all but ﬁnitely many n0. Furthermore, the number kei is an integer.
Proof. Assume that {a(n) | n0} is k-recognizable for an integer k2. Let s be the
rank of the sequence (a(n))n0.
Suppose ﬁrst that i, 0ip− 1 is an integer such that (a(m+ i+ np))n0 grows at
most linearly. Then every root of (a(m+ i + np))n0 has modulus at most one. This
implies that all nonzero roots are roots of unity. Indeed, by Kronecker’s well-known
result, if  is a nonzero algebraic integer which is not a root of unity, then  has a
conjugate 1 such that |1| > 1 (see [8, p. 46]). Hence all roots of (a(m+ i+np))n0
belong to the set {0, 1}. Consequently, there exist complex numbers ci, di such that
a(m+ i + np) = cin+ di
for all but ﬁnitely many n0. Here ci and di are necessarily integers because a(m+
i + np) ∈ N for all n0. We have seen that if (a(m + i + np))n0 grows at most
linearly then condition (1) holds.
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Next, denote
B = {a(m+ j + np) | j ∈ LIN(m, p), n0}
and
C = {a(n) | n0} − B.
Then B and C are k-recognizable. Let L be a regular language such that k(L) = C.
Because B is ultimately periodic there exists a positive integer q such that for all but
ﬁnitely many x0 we have x ∈ B if and only if x+ q ∈ B. If C is ﬁnite then for any
integer i, 0ip − 1 condition (1) or condition (2) holds. Assume that C is inﬁnite
and let
c0 < c1 < · · · < ct < · · ·
be the enumeration of C in ascending order. Denote
RC = lim sup
t→∞
ct+1
ct
and
DC = lim sup
t→∞
(ct+1 − ct ).
Because
C ⊆ {a(0), . . . , a(m− 1)} ∪ {a(m+ j + np) | j ∈ LIN(m, p), n0}
and each of the sequences (a(m+ j + np))n0, j ∈ LIN(m, p) has at least quadratic
growth we have DC = ∞. By Theorem 5.4 in [5] it follows that RC > 1.
Now let i be an integer, 0i < p, such that neither (1) nor (2) holds. Then the
sequence (a(m+ i + np))n0 takes arbitrarily large values outside B and is ultimately
periodic modulo q. Hence there exist positive integers m0,m1 such that
a(m+ i +m0p + nm1p) ∈ B
for all n0. Because RC > 1, the sequences (a(m + i + m0p + nm1p))n0 and
(a(m + i + np))n0 have exponential growth. This implies that L is slender. Hence
L = L1 ∪ · · · ∪ L where L1, . . . , L are pairwise disjoint loop languages. By van der
Waerden’s theorem there is an integer W(s+2, ) such that if the set {1, 2, . . . ,W(s+
2, )} is partitioned into  classes then at least one class contains an (s + 2)-term
arithmetic progression (see [6, p. 30]). Here we partition the integers n0 into classes
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N1, . . . , N such that n ∈ N if and only if a(m + i + m0p + nm1p) ∈ L for
 = 1, . . . , . Applying van der Waerden’s theorem for each consecutive block of
W(s + 2, ) integers we see that there is a positive integer m2 such that for inﬁnitely
many values of n, the terms a(m + i + m0p + nm1p + m2m1p) for 0 < s + 2
have representations belonging to the same loop of L. In other words, there exist words
u, v,w such that for inﬁnitely many values of n there are integers r for 0 < s + 2
such that
a(m+ i +m0p + nm1p + m2m1p) = k(uvrw)
for 0 < s + 2. Hence
a(m+ i +m0p + nm1p + m2m1p) = K1kr|v| +K2
for 0 < s + 2, where K1 are K2 are rational numbers which do not depend on n.
Now, give n a ﬁxed large value nf . Then
r = r0 + (r1 − r0)
for 0 < s + 2. Consequently,
a(m+ i +m0p + nfm1p + m2m1p) = K1kr0|v|+(r1−r0)|v| +K2 (1)
for 0 < s + 2. Because
(K1k
r0|v|+(r1−r0)|v| +K2)0
is a Q-rational sequence having rank at most two, we get (1) for all integers 0.
Therefore, all roots of (a(m+ i+m0p+nfm1p+m2m1p))0 are simple and belong
to the set {1, k(r1−r0)|v|}. By the second condition of Lemma 1 it follows that there is
a rational number ei such that all nonzero roots of (a(m+ i + np))n0 belong to the
set {1, kei } and are simple. This implies that there exist complex numbers ci, di such
that
a(m+ i + np) = cikein + di
for all but ﬁnitely many n0. Because a(m + i + np) is an integer for all n0, the
numbers ci and di are rational. Therefore, for large n, the number
kei = a(m+ i + (n+ 1)p)− di
a(m+ i + np)− di
is rational, which is possible only if kei is an integer. Hence condition (3) holds
for i. 
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The converse of Theorem 2 also holds. For the proof of the following lemma
see [2].
Lemma 3. Let k2 be an integer and let A,B ⊆ N be k-recognizable sets. Let c be
a positive integer. Then the sets A∪B, A+ c and cA are k-recognizable. If A− c ⊆ N
(resp. c−1A ⊆ N), the set A− c (resp. c−1A) is k-recognizable.
Theorem 4. Let (a(n))n0 be an N-rational sequence and let m0 and p1 be inte-
gers such that the conditions of Lemma 1 are satisﬁed. Let k2 be an integer. If for
any integer i, 0ip − 1 one of conditions (1)–(3) of Theorem 2 holds then the set
{a(n) | n0}
is k-recognizable.
Proof. The claim follows by the closure properties of k-recognizable sets stated in
Lemma 3. 
3. The computation of the bases
In this section, we show how to compute the bases of the images of N-rational
sequences. We say that an integer k is a nontrivial power if there are integers k1 and
s12 such that k = ks11 .
Theorem 5. It is decidable whether or not the image of a given N-rational sequence
has a base. If it does, all bases can be computed.
Proof. Let (a(n))n0 be an N-rational sequence and let m0 and p1 be integers
such that the conditions of Lemma 1 are satisﬁed. For an integer i, 0ip − 1 we
have i ∈ LIN(m, p) if and only if all roots of (a(m+ i + np))n0 belong to the set
{0, 1} and the multiplicity of 1 is at most two. Hence, condition (1) of Theorem 2 is
decidable and the set LIN(m, p) can be computed effectively. Because the set
{a(m+ i + np) | i ∈ LIN(m, p), n0}
is ultimately periodic, it follows that condition (2) is decidable.
If for every integer i, 0ip − 1 condition (1) or condition (2) holds, the set
{a(n) | n0} is ultimately periodic and every integer k2 is a base. Suppose then
that there is at least one integer i, 0ip − 1 such that neither (1) nor (2) holds.
Let J be the set of all such integers i. Fix an integer i ∈ J and consider the roots of
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(a(m + i + np))n0. Then there exists an integer ki2 such that condition (3) holds
for i when k is replaced by ki if and only if all nonzero roots are positive integers, all
nonzero roots are simple and there is only one root greater than one. Hence, we can
decide the existence of ki and there is at most one such ki which is not a nontrivial
power. Consequently, we can decide whether or not there is an integer k which is not
a nontrivial power such that condition (3) holds for all i ∈ J . By Theorems 2 and 4
the set {a(n) | n0} has a base if and only if such an integer k exists. Finally, if such
k exists the bases of {a(n) | n0} are the positive powers of such a k. 
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